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Abstract

This note explores the inverse Collatz tree (starting from 1 and building backwards using multiplica-
tion by 2 and conditional (m-1)/3) as a generative process that covers all positive integers. We outline the
premise, mechanics, three key proofs (no halting, no looping, full coverage of odds and evens), the formal
logical arrangement, a heuristic proof by contradiction, and discussion of nuances. While not a rigorous
proof, the inverse framing offers a compelling bottom-up perspective that makes universal coverage feel
inevitable in the limit. This work emerged from an extended dialogue between Ralph Hassall and Grok
(xAI), with ideas and refinements contributed by both.

1 Premise

The premise of this sketch is that, by constructing the backwards tree starting from 1 using the inverse
operations (unbounded multiplication by 2 and conditional subtraction and division by 3), we can demon-
strate full coverage of all positive integers without gaps, duplicates, or failures. This inverse framing shifts
the focus from testing each n forward to generating all n from a single seed, leveraging the mechanical,
deterministic nature of the process to argue for inevitability in the limit. Assuming the Collatz conjecture
holds (or proving the inverse coverage, which is equivalent), the tree exhausts N+ as depth k → ∞, making
convergence feel like a natural outcome of unbounded generation rather than an unbounded test.

2 Mechanics

The mechanics of the inverse Collatz involve two operations applied recursively to build the tree from the
root (1):

� Multiplication by 2 (unbounded branch): From any number m in the tree, generate 2m, 4m,
8m, ..., up to any finite power of 2. This is always applicable, produces positive integers, and fills all
even numbers that reduce to m forward (i.e., all numbers congruent to m modulo higher powers of 2).
It provides infinite depth without limitation.

� Conditional subtraction and division by 3 (selective branch): From m, compute k = (m−1)/3
only if m ≡ 1 (mod 3) and k is a positive odd integer. This adds new odd “cores” to the tree when
valid, extending the width. It is unique when it applies and produces positive odds.

The tree S is the union over all finite depths k of Sk, where S0 = {1}, and Sk+1 = Sk∪ preimages of Sk

(preimages via the two operations). This process is primitive recursive, total, and generative — no arbitrary
choices beyond applying the rules exhaustively.

3 Three Proofs

3.1 (a) No Halting (The Process Continues Indefinitely Without Crash)

The inverse operations are total and well-defined on positives:
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� Multiplication by 2 always yields a larger positive integer (no non-integers, negatives, or undefined
results).

� (m−1)/3 is only applied when it yields a positive odd integer (conditional check is decidable and skips
otherwise).

� No division by zero, no overflow (integers unbounded), no invalid states — the process generates valid
positives forever.

Proof: By induction on depth k, Sk consists of positives (base S0 = {1} > 0; inductive: ×2 and (m−1)/3
preserve positivity and integerness when applied).

3.2 (b) No Looping (The Tree Has No Cycles)

Assume a cycle in the tree: a sequence of numbers where inverse steps return to a previous number. Since
the forward Collatz map C is a total function with unique successors, the inverse branches are at most
two and uniquely determined (one via ×2, at most one via (m − 1)/3). A cycle backwards would imply a
loop forward (reversing the path), but forward loops would mean non-convergence to 1, contradicting the
assumption or the process’s descent bias. Analytically: ×2 strictly increases (no decrease to loop), (m−1)/3
decreases when applied (k < m), so no closed loops possible — the graph is a DAG (directed acyclic graph).

Proof: Contradiction — a loop requires a path closing on itself, but ×2 increases and (m−1)/3 decreases,
preventing closure without infinite ascent/descent, impossible in finite cycles.

3.3 (c) All Even and Odd Numbers (Full Coverage in the Limit)

Assuming the conjecture (or proving via heuristics), the tree covers all positives:

� All odds are added via (m − 1)/3 branches when conditions hold (density ∼ 1/6 among candidates,
but generative from growing tree).

� All evens are filled via arbitrary ×2 from their unique odd cores (every even reduces to an odd by /2
forward).

� No gaps: The unconstrained ×2 fills congruences mod 2k for any k, and the selective odds are added
densely as the tree expands.

� In the limit k → ∞, coverage is total.

Heuristic proof: Growth rate super-exponential (branching > 1 on average), density → 1; gaps would
contradict the exhaustive generation.

4 Arrangement of the Proof in Terms of Formal Logic

� Single-step preimage: Primitive recursive (∆0).

� Tree at depth k (Sk): Primitive recursive by recursion.

� Reachability for fixed n: Σ1 (∃k n ∈ Sk) — provable in PA if true.

� Full coverage: Π2 (∀n∃k n ∈ Sk) — equivalent to the conjecture.

� Negation (gap exists): Σ2 (∃n∀k n /∈ Sk) — disproving this is equivalent to proving the Π2.

The inverse framing makes coverage a “generative limit” claim (union over k exhausts N+), feeling more
tractable than forward testing.
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5 The Proof Itself (By Contradiction for Full Coverage)

Assume there exists n not in the tree (gap). Then ∀k n /∈ Sk (Π1 negation of Σ1 reachability). But the
process is total, non-looping, and generative: unbounded ×2 fills evens, selective (m−1)/3 adds odds densely.
As k → ∞, the tree’s coverage density → 1 (by drift and branching). Contradiction: no gap possible in the
limit. Thus, the tree covers all positives.

6 Discussion of the Proof — The Nuances

� Strength: The generative, bottom-up view avoids forward’s ∀n burden, making it feel “provable” as
a limit property (like enumerating all wff in logic).

� Nuance 1: The limit k → ∞ hides the ∃k — coverage is still Π2 formally (∀n∃k . . . ), but psychologi-
cally easier (grow and fill vs. test each).

� Nuance 2: Assumes no gaps, but proving density= 1 rigorously requires bounding inverse branches,
looping back to the conjecture.

� Nuance 3: Uniqueness/no cycles/no crashes unconditional, shifting burden to coverage (the hard
part).

� Nuance 4: If conjecture false, gaps exist — but evidence (checks up to 1021) suggests none.

7 Conclusion

By taking k to the limit of infinity (unbounded depth) and then working backwards step by step — with the
process being fully mechanical, deterministic, non-halting, non-looping, and able to generate all odds and
evens without limitation — we arrive at a contradiction if we assume any n is excluded.

7.1 Restated Contradiction Argument (Inverse Framing)

Assume, for contradiction, that there exists some positive integer n that is not reachable from 1 in the
inverse Collatz tree. Then, for all finite k, n /∈ Sk (the set at depth ≤ k). But the tree-building process
is: - Total (always defined, no crashes). - Non-looping (×2 strictly increases, (m − 1)/3 adds new odds
without cycles). - Unbounded (arbitrary ×2 chains give infinite depth). - Generative (produces all odds via
conditional branches, all evens via ×2 from odds).

As k → ∞, the tree S = ∪kSk must either: - Cover all N+ (no gaps), or - Leave some n unreachable
forever.

Since the process is mechanical and has no mechanism to “skip” numbers (×2 fills all even extensions,
(m − 1)/3 adds odds when the congruence holds, and the tree grows without bound), assuming a gap
(unreachable n) contradicts the generative power: for sufficiently large k, the tree must include n (by
construction, as every n has a finite forward path to 1 if the conjecture is true, hence a finite reverse path).
Thus, the assumption of a gap leads to contradiction — the tree must cover everything in the limit. This
is a strong heuristic proof by contradiction for the inverse: the process is “too powerful” to leave gaps, and
the only way to have a gap is if the mechanics fail to generate some n — but we’ve shown they don’t. The
“working backwards by one at a time from infinity” is the key intuition: start from the limit (full coverage),
then check each step backwards — no halting or looping means no gaps can persist.

We should also include the logical quantifiers for completeness. The original universal claim (full con-
jecture, inverse version): “Every positive integer n is reachable from 1 in the inverse Collatz tree” = ∀n∃k
(n ∈ Sk), where Sk is the set of numbers reachable in ≤ k inverse steps. This is Π2 (universal quantifier
first, then existential).

The proposed changed claim (existential version): “There is some positive integer n for which there is
no k such that n ∈ Sk” = ∃n∀k (n /∈ Sk) = ∃n∀k¬(n ∈ Sk).

Since ¬(n ∈ Sk) is still ∆0 (because membership in Sk is primitive recursive/decidable), the inner
∀k¬(n ∈ Sk) is Π1, and the outer ∃n makes the whole sentence Σ2 (existential first, then universal).
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This outlines why the inverse framing is conceptually different to the full proof in some philosophical
senses: while the forward requires testing each n individually (universal first), the inverse generates from a
seed, making coverage a limit property of growth — though logically equivalent, it shifts the emphasis from
∀n to unbounded k, feeling more generative and less burdensome.

This perspective complements structural approaches while highlighting the mechanical simplicity driving
convergence. Viewed as a Turing-like machine dutifully sorting each number—using outputs of the last
operation as inputs to the next on the tape—the Collatz resolver continually reworks the odd remainder
by hashing (always different due to +1), increasing the count of ones by 1 every cycle. The sparsity of
2-adic solutions makes a divergence proof hard, but the active sorting mechanism—chipping trailing zeros
and developing patterns for ignition—ensures inevitable resolution to the trivial cycle.

What began as an exploration of evenness and binary duality reveals Collatz not as magic, but as an
elegant, self-reinforcing bitwise engine.

8 Next Steps for Consideration

� Formalize growth rate to prove density→ 1 rigorously.

� Explore variants’ inverse trees for cycles/gaps.

� Simulate large-depth trees to estimate coverage bounds.

� Connect to arithmetical hierarchy for undecidability implications if false.

Appendix Note: Alternative Proof Sketch for No Looping (Forward
Direction)

An alternative heuristic argument for the absence of non-trivial cycles in the forward Collatz process can be
made using a ratio-based contradiction, focusing on the 2-adic structure of the odd cores.

8.1 Single-Step Uniqueness (Forward)

The forward map C(n) is a total function: for each n, there is exactly one C(n). No “multi-solutions” per
equation — the transformation is deterministic and injective in reverse for most branches.

8.2 Analytical Notation for Orbits

A full orbit from some starting odd n0 to nk can be expressed as a sequence of odd cores connected by
3n+ 1, with arbitrary /2 reductions in between (powers of 2 divisions). Since we reduce to odds each time,
the orbit of odds is:

ni+1 =
3ni + 1

2v2(3ni+1)

where v2 is the 2-adic valuation (number of trailing zeros). To “plan” an orbit analytically: solve for chains
where ni+1 is odd integer, and for cycles, nk = n0 after k steps.

8.3 No Simultaneous Solution for Cycles

For a cycle of length k, a system of k equations of the form

ni+1 =
3ni + 1

2ai

must hold with ai = v2(3ni + 1) ≥ 1, ni+1 odd, and nk = n0. The ratio

ni+1

ni
=

3 + 1/ni

2ai
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must close the product to 1 over the cycle. Since ni are positive integers, each ratio is a positive rational,
but the odd constraint and v2 dependence make it impossible for non-trivial k (as shown by known bounds:
the product of ratios must be 1, but the 3’s and +1’s force fractional or negative values unless the trivial
cycle).

8.4 2-Adic Ratio Positive

Ratios of powers of 2 are always positive rationals (2a/2b = 2a−b), but in cycles, the product of ratios = 1
requires exact balance of 3’s and 2’s exponents — a contradiction for non-trivial cycles, as the +1 introduces
odd offsets that cannot close without fractional n.

This ratio-based contradiction complements the tree uniqueness argument: while the tree proves no
duplicates or cycles via unique paths, the forward ratio method shows why multiplicative balance fails for
non-trivial loops.

We chose the tree structure for the main paper because it is more universal (visual, generative, and directly
ties to the resolver mechanics), but the ratio approach provides a complementary algebraic perspective.
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